We theoretically investigate the second-harmonic generation of a plane longitudinal wave normally incident upon a solid plate immersed in liquid. The formulation of the reflected second harmonic is derived within the secondorder perturbation. Theoretical analysis and numerical simulation indicate that the reflected second-harmonic amplitude increases sensitively with the increase in the nonlinear acoustic parameter of the plate material at some specific frequencies where the linear reflection coefficient of the normally incident longitudinal wave takes on the minimum value, and that it is independent of the spatial separation between the transmitter/receiver and the solid plate. The results obtained provide a means through which the early state of fatigue-induced damage of the solid plate (characterized by its nonlinear acoustic parameter) can be sensitively assessed by measuring the reflected second harmonic at the specific frequency where the linear reflection coefficient is minimum. Solid plate structures have been widely used in many practical engineering situations. It is well known that most of such structures experience accumulation of microcracks with time when they are subjected to cyclic loading.
Solid plate structures have been widely used in many practical engineering situations. It is well known that most of such structures experience accumulation of microcracks with time when they are subjected to cyclic loading. [1, 2] For ensuring their reliability and security in service, it is of significance to develop effective techniques to nondestructively assess fatigueinduced damage (especially in the early stages of fatigue life). Ultrasonic technique is one of the means proposed for condition monitoring of in-service components or structures. [3, 4] However, in the early stages of fatigue, the macroscopic properties of materials such as sound speed and attenuation almost remain unchanged, [5−7] and consequently the stages of fatigue cannot be effectively assessed with the conventional ultrasonic techniques, normally based on linear elastic theory and measurements of some physical parameters, such as sound velocity, attenuation, transmission and reflection coefficients. [8, 9] It has been known that the nonlinear ultrasonic measurements are much more sensitive to the damage in the materials at an early stage than the linear means. [5] [6] [7] 10] Considering the high sensitivity of the nonlinear ultrasonic measurements to material properties and the convenience of the use of the ultrasonic echo technique, in this Letter we theoretically propose an approach that can be used to accurately assess fatigue-induced damage of a solid plate (where damage is characterized only by an increment in the nonlinear acoustic parameter of the plate material), [5−7] based on the change in the reflected second-harmonic signal of a plane wave normally incident upon the solid plate immersed in liquid. Generally, the second harmonic generated by propagation of the fundamental (primary) wave in liquid will be mixed with that generated in the solid plate itself. To minimize or eliminate the impact of the second harmonic generated by propagation of the fundamental wave in liquid, the physical process of the generation of the reflected second harmonic has been theoretically analyzed. Some results of interest have been obtained, and the condition for measuring the reflected second-harmonic signal only dependent on the nonlinear acoustic parameter of plate material has been proposed. The results obtained provide a means through which the early state of fatigue-induced damage of the solid plate (characterized only by its nonlinear acoustic parameter) may be sensitively assessed by measuring the reflected second harmonic.
Considering the requirement of ultrasonic echo technique, a plane longitudinal wave is normally incident upon a solid plate immersed in liquid (see Fig. 1 ). For simplicity, we assume that the material of the solid plate is isotropic and homogeneous with no attenuation and no dispersion, and that the sound attenuation in liquid is negligible. The spatial separation between the transmitter/receiver (TR) and the solid plate is ℎ, and the plate thickness is ; I and R (generated and received by the TR) are the mechanical displacements of the normally incident and reflected plane longitudinal waves with the driving frequency ; 1 and 2 are of the plane longitudinal waves reflected up and down within the solid plate; and T is of the plane longitudinal wave transmitted through the solid plate. The formal solutions to the aforesaid plane waves are given by [ignoring the factor exp(− 2 )], [11] 
where I , 1 , 2 and T are the amplitudes of the corresponding waves;ˆis the unit vector of the axis; L = / L and S = / S are the wave numbers, and L and S are the longitudinal wave velocities of liquid and solid, respectively. Based on the boundary conditions of continuous displacement and stress at the two surfaces = 0 and = , the curves of reflection and transmission coefficients (defined by
[f] = R / I and [f] = T / I ) versus the driving frequency can be easily calculated. For the plate material in the early stages of fatigue life, there is no or less change in its mass density S and sound velocity S . Thus the information about the early stage of fatigue of the plate material cannot be effectively revealed using the reflection coefficient [f] . It has been known that the nonlinear acoustic parameter S of a solid is an effective indicator of fatigue, and that S usually increases with the accumulation of fatigue-induced damage of a solid. [5] [6] [7] 10] Here we analyze the physical process of second-harmonic generation by the normally incident longitudinal wave I (see Fig. 1 ), and focus on the case that the reflected second harmonic (received by the TR) is only sensitively dependent on S . The nonlinear acoustic parameter S of a solid is defined by [12] 
where S , S and S are the third-order elastic constants. Moreover, the nonlinear acoustic parameter of a liquid is given by L = 1 + /(2 ).
[12]
Within a second-order perturbation, the nonlinear effect is assumed to be sufficiently small that the amplitude of the fundamental wave can be taken to be constant in spite of harmonic generation. The righthand side in Fig. 2 shows the second-harmonic field generated while the left-hand side presents the corresponding fundamental wave field. In the region of > ,
I is the driven longitudinal (denoted by the superscript DL) second harmonic with a cumulative effect, generated by the normally incident longitudinal wave I , All the driven longitudinal second harmonics with a cumulative effect are found to be [ignoring the factor exp(− 4 )], [13] (DL)
)︁ˆe xp(+2 S ),
To satisfy the second-harmonic boundary conditions of continuous displacement and stress at the two surfaces = 0 and = , the freely-propagating (denoted by the superscript FP) second harmonic without the cumulative effect in each region must be introduced. The formal solutions to the freely-propagating second 124302-2 harmonics introduced are given by [13] (FP)
Based on the second-harmonic boundary conditions of continuous displacement and stress at the two surfaces =0 and = , the amplitudes, 4), can readily be calculated. [13] On this basis, the total reflected second harmonic received by the TR at = ℎ + can now be completely determined by is associated with the nonlinearity of plate material ( S ) through the satisfaction of second-harmonic boundary conditions of continuous displacement and stress. [13] For accurate assessment of the plate material where there is no or less change in its mass density and sound velocity but a clear change in its nonlinear acoustic parameter S , [5] [6] [7] 10] it is required that both [f] → 0 results in R → 0 and thus leads to
It can readily be shown that, for an isotropic elastic plate immersed in liquid, the reflection coefficient
is equal to zero at the driving frequency = S /2 (where is an integer). [11] Thus the conditions both of [f] → 0 and
[2f] → 0 can be satisfied simultaneously at the driving frequency = S /2 . To illustrate the above analyses, we have performed some numerical simulations. The material of the elastic plate is assumed to be aluminum and the liquid is water. The corresponding physical parameters are S = 2700 kg/m 3 , S = 6.350 km/s, S = 8.8 (perfect state), L = 1000 kg/m 3 , L = 1.480 km/s, and L = 3.5. [12] When the thickness of the aluminum plate is 2.5 mm, the curves of reflection and transmission coefficients versus the driving frequency are shown in Fig. 3 . Obviously,
[f] is equal to zero at 124302-3 = S /2 = 1.27 × MHz (where is an integer). The next analyses focus on the change in the total reflected second harmonic (2 ) R with S near the driving frequency = S /(2 ). To highlight the impact of S on (2 ) R , the physical parameters except for S are assumed to be unchanged in the numerical simulations. Figure 4 shows the curves of the total reflected second harmonic (at different S ) with frequency, where = 2.5 mm and ℎ = 5 , and the scale for the amplitude of
/ . Clearly, at the driving frequency = S /2 , the amplitude of (2 ) R increases sensitively with the increase of S . Concretely, the amplitude of (2 ) R and S have the same degree of variation. As an example, when S increases to 1.4 S , the amplitude of , the physical parameters except for ℎ are set to be unchanged in the numerical analyses. Figure 5 shows the curves of the total reflected second harmonic (at different ℎ) with frequency, where is 2.5 mm and S is 8.8 (perfect state). As a whole, the amplitude of (2 ) R increases with the increase of ℎ. However, it is noteworthy that the amplitude of In conclusion, we have theoretically analyzed the physical process of the second-harmonic generation by the plane longitudinal wave normally incident upon a solid plate immersed in liquid. Our analyses focus on the reflected second harmonic that can be used to assess fatigue-induced damage of the solid plate, which is characterized only by an increment in the nonlinear acoustic parameter of the plate material. Generally, besides the nonlinearity of plate material, the reflected second harmonic is also dependent on the nonlinearity of liquid and the spatial separation between the plate surface and the TR. It has been found that the reflected second-harmonic amplitude sensitively increases with the increase of the nonlinear acoustic parameter of the plate material at some specific frequencies, and that it is independent of the spatial separation between the plate surface and the TR. When the measurements of the reflected second harmonic are performed at the specific frequencies, the impacts both of the nonlinearity of liquid and the spatial separation between the plate and the TR can be completely eliminated. This result is of significance for accurate assessment of fatigue-induced damage of a solid plate via measurement of the reflected second harmonic, which is generated by a plane longitudinal wave normally incident upon the solid plate immersed in liquid.
